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| In flexible pavement desigan, knowledge of the strssses involved
and of the thickmess required ie not as advenced as in concrete pave-
ment design. Mathemtieal amalyses of the subgrade reaction under
different kinds of flexible pavenent have beon attenpted by only &
fow investigators. The exaot performence of & flexible pavemsnt under
. joed is s%ill & matbter of speculation to meny designers, In wwa s thor's
ﬂ%wﬁwuﬁm the stress snmlysis for conorete pavements end thet for flexe

ikle pa
- sleatiolty. The only differemce is that different eriteris should be

ments ie essentially the same if 1t is based on the theory of

" used 1n the design of eomorete pavemenis then in the design of flexible

' The stress analysis of a layered system based on the theory of
elasticity has been atiempted by meny investigators. Burmister (2)

. first suggests using the londwsettlement relation obained from the

- stress analysis for the design of beth oconcrete amd flexible pavements.

' Unlike many other suthors, he treated the pavement not es a thin plate

"~ bub as & layer of finite thickness., Perfect contimuity on the interface

- wms assamed, The slastic property of the subgzrade was not messured by

Westergaard's "modulus of subgrade reaction" but by the modulus of
 elastioity, Numerical solutions of the meximum deflection of s pavement
under the wheel load wers %gmu Burnister's method of pavement
deaizn was based on the theoretical defleotion of the pavement.

In general, the method of anslysis used in this study is similar
in many respects to Burmister's analysis. However, the author believes




R

Shat the value of Poisson's ratio used in Burnister's study should be
modified usm welues which are cleser to the m eatablished by
tosts of pavement m&ah@. ‘Also the theoretioal walue of the
deflection which is an infinite intezral of the vertical strain may
induoe apprecisble error due to the difference between the assumed
and the sotual conditions. |

This study i1l zive e more genersl solution of the stresses in
the pavements, Bearing stresses sre used as the oriteriom for flexible
 pavement design; and flewural stresses in the pavement as the eriterion
for conerete pavement design. besseleFourier imtegrels are used to
expross the distribution of the external loading. Stresses in the
radial snd oircumferential directions due to the external load dis-
gributed over an ares san thus be evaluated. Numerical solutioms of
this study are made on the basis that the Poisson's ratio of the
materials is equal to 0.3 instesd of 0.6 (value for iusompressible
material) used by Burmisters R |

Practical appliostions of the method devsloped in this study are
made in the desizn of Plexible and soncrete pavements using 1llustrabtive
examples. Oompariscms of the results cbtained in these exmaples are
mads with the results obtained using other design formilas. In one
of the examples, the method is tmmi to provide for the use of the
results in the desizn of & miltielayer flexidle pavement.



L

* am mn mai ﬁi‘ mﬁm;&: is M on m &m of elastioity
‘m& amn & wide mga of mmzmm, the user of m mm& is expected
o mésywm the éitﬁm bﬁmm the iénﬁt am:itim «asma in
 the formalas and the m& w:m&iﬂ.m 1a & given job &nd ‘their ifwa

on 4 the mul%' me miﬁm;tm sf the ml% woming 3

‘a%& W of améﬂziw wﬂ.i; af mm’, ’M imzmt:‘h, but & mm-
. atory investigation of the method ﬁmlﬂgm& Heseln is mma the uw
of this may, o '
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HEVIEW OF PREVIOUS STUDIES
_ Pormulas wwi@w ?m ble Paveme: nta

Ten or more design formulas for flexible pavemenis have been
-deweloped by warious investigators. They may be grouped inke the
following olassess - | i

This group includes mll those classioal formulas whioh sre still

- popularly used. The characteristic point of this group iz thet in
- each formle en urbitrary assumpbion is made concerning the mmnner of
distribution of the whesl load as illustrated by Figure 1. 4s & result
of the asmumption, the formulas have the gemeral form ofs "

b Ff “o
in whioh & is the required taicknesss W is the total wheel loads
' p is the sllowable subgrade pressures and & and o are constants.

The most lmporbant foromlas in this group sres Nassachusetts forme
ula (3}, Domms formla (s» M '{‘4;}] » Asphalt Institute formule (5),
Barger and Bomney formuls (6), Goldbeok formala (7), and Lelievre and
Pons formule (8).
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| mm mﬁ'
(5)*Downs: tzg'

HNNNH

= mm‘mmf'ﬂmm 7
N 2 Raatal &
| : SV
! 2ca ¢ z)) l J z 4 t:—!

- €€) Asphalt /nstifvre: (= % ~ Q. (D) Harger & Bonnsy : 3:///*—— '32

a‘? ' Notations :

X \f'mwmumﬂw ¢~ thickness of pavement.

2a, W- rota’ wheel! /ood .

:L—' o . q - svbgrade pressuvre(vniform)
. N o> : @ - radivs of contact area.

l I~ 1 - width of tire.

2cort) )

' : a,, @~ # pgjorand minor
. ' X rhe ellipse.
(E] Golabeck (Simplified);: t= |PL - 9t axes of oS

a4 “ 2 M- Max. svbgrade pressyre.

M=Ky, - K~ Concentration faclor,

Fiz.1l Design Tormulas for Flexible Pavements And Assump-
tions made in the Distribution of the Wheel load.
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~ The aotual maximum subzrade pressures as messured in field and
lsboratery tests are much higher than the pressure caloulated from
- these formulas. & soncentration factor k which is d&i‘mﬁ a8 the

= r&t&n hﬁm&m 'kka mxim M$méa gmmm and the mlmlatnd aguive

- a:tm wniform g:nsmw is mg#u%d by fmmm: f?}, “‘he v&lm of k

 recommended by ﬁai&m& variss from 1.1 to 3.8 depending upen the
n%riai 92’ the gammb, ‘With such a large umﬁim in the mnaw-
‘ Mm ﬁw;k,' it is evident that large errors are introduced in
 the solutions where this factor s disregarded. |

1las involving the use of the moduli for the pavement and the

. The formulas in this group are those most wmtiy developed and
are not yet widely used., This group makes use of the term "subgrade
modulus® or simihv torm in the design formula. The proper walue of
the subgrade modulus of the sa&l in theses formulas iz to be determined
by leborstory best.

Palmer and Barber (9) made use of trisxisl compression test im
detomninine %&#mﬁh moduli of the pavement end the subgrade and
then by taking into considerstion the permissible deflection of the
subgrade soil developed the fornmlaes

2yEA
A Cp qﬁ

in which ¢ is the required thiokness of the pavements
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Voime (13) developed the formila based on the geametry of the

pressure bulbs

t s bip = ‘i"ﬁ}

Temgr

in wich &, and &, are the thickness of the base oourse end the thickness

of the surface oturss respectively, ,
 mg is the shearing strength of the surface ocourse in psi,
’h, Pe qh&w *bha mmmiag &8 in previous forsules,

Py = (p*a&}a 18 the required minimm beering strength of
the base course, and

—
1~ e/

Hewthorn (14) used the sssumption of the distribubion of the wheel

R g

Mei some what 1ike the combimation of thet in Vesssohumetis' formulas

end that in Asphelt Institute Formule, bub thoight that the ellowsble
bearing walve of the subgrade should be a function of the thicknsss, densi-
ties, and some other strength properties of the subgrade properties

o i mim»‘ His formula is:

‘ W
92 T tamed a)®

in which 6 is the angle of losd distribution, &, W, &, ¢ are same a8 in
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provious ?ﬁﬁwﬁ; q is & function of the demsity of the pavement

 and the msﬁuﬁ@ ﬁw gm ‘subgrade, the thickness of the pavenment, the

~ oochesion and the ccefficient of the intermal friction of the vﬁmg
soll. R

. Methods using cheris and design curves

$inoe pous of aﬁ aﬁ&mﬁﬂm design formules can be used satisfaobor-
ily for all types of pavement end subgrade conditions, some highwey

 engineers have deweloped charts and design curves using smvirical methods

a8 the basis of design. These methods have gemsrally been established
.«wxgmw long experience and are based on the ﬁﬁaw&ﬁuﬁ.ﬁ periormanve
of Qﬁwﬁﬁg mﬁgﬁpﬁb o ,

The moet ma@gg& and most widely used g&w& in &wwu group is
‘the Californis Pearing Method, This method has been adopted with mode
ifieations by the U.S. Engineer Uepartment (15)e The besring capecity
of the subgrede is indicated by the "Californis Bearing Ratic” determined
by %ﬁg test. A set of design curves based upon past sxperience |
Ias been developed so thet for s given vheel load and for a given value
of the California Bemring Batio, 5« regaired thickness of the flexible
pavenent can be determinede |

Besides the Californie wanu.g Batio methed, 8ivil Lseropsutio Ad-
minisbration (16) wan prepared & series of design eharts in which are
given the gywﬁw thickness of the subwbase, the bsse snd the surface
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1+ The amm alab is homopeneous, isotropic, elastie, and
uniform in khicmah |

2. The veaction of the subgrede is vertiesl m&y and its intensity
is proportional o m&aﬁms.an of the slsb. The ratio betwsen the
intensity of the m’bgrﬁd& reaction and the &at‘iag%im of the sleb is
defined as the mm of subgrade resetion.

Por three positions of load, the snalysis gives the following

. results: ;
22 X*Jlg,ﬁ 0.6
£, z:i[l (225 E e )
£ ow0:275 (1420 Y Tog.a (B
2 075 (140 T, 100yg D)
£, = 0aB29(1 & 0,544 )= [mgwiﬂ‘“g} . a*?z]

' in which |

| W i.si t&w tgﬁl wheel load in pounds;

f i;mﬁi’ are the maximum flexural :mﬂnmma per

square inch in the slsb due to the load W et the cormer, st an

interior point, and at the edge of the pavement respectively;

% is the thiskuess of the slab in inchess

M is the Poisson's rﬁ:i&m for concrete;

E is the modulus of elasticity of the conerete im pounds per
square inshj

K is the subgrade modulus in pounds per square inch mim;
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2 is the m&iw of the amw aren of the ms‘x load on the
ymﬂ% in mﬁwg
b is the equivalent radius of the resisting sections. supporting
the gamm% in inches, ;

b =,/1.00% ¢ = 0,675t when & < 172t

b 2 8 vhen 8> 1.72%,
Modifieations of these formulas based on s reduction of the sube
- gradeo support and of the maximm deflection have else been made. These
modifications, in the suthor's opinion, are empirical and will not be
disoussed here. |

Tt is obvious that the wlidity of the above formulas by ester
gangpd &azzfm upon. the walidity ai' hﬁ.a aﬁ#wy&sim; The idea of the
“gubgrade modulue” involves: first, the ymyﬁrtimlity of the dise
tribution of the »uhm resotion and af the deflection of the surface
of the &wﬁamﬁa and geocond, the mpﬂréimﬂ mﬁw maet be 5 comptant
indepenient of the type of loading. The :E“irs*b part of the assumpbion
is spproximately correct for the usml povement slab m‘hg,mﬁa whare the
rate of uham of the alope of ﬁw defleoted surfece is low. However,
this is no longer $rue when the ricid plate method is used in determine
ing the mxus. It can be mathematioally proved (23, p. 3539) and has
| 'bmm demenstrated in tests (22, pe BS) thet the value of subgrade
modulus so ﬁae‘hammﬁ is m‘bﬂrﬁaﬁy gffected by m size and type of
loaded area. Thus far & rabional method hes not been developed bo

et
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" Related Problems Using Theory of Elastiecity

Bouseineng’s sodution

of the stress distribution in homoseneous elastie

in 138;5«, mamm; '{ﬁ’?} also see érmmm (23), published his
famous solution of the stress d‘i%ﬁrihztim in homegeneous elastie semie
infinite bodies. His theory has recently found wide application in soil
meohanios for ewmmluating the stresses or pressure in soil under load.
For a poink load W applied on the surface at the origin, the stresses
in oylindrieal ovordimate system (rye,s) ave:
S = ﬁ—i Wﬁf
N 2Wx

Ser am [m%m“# - (1 =24) ,....é_ ]

in which 4/ is the Polsson's vabio of the mebterial snd ¢ = ten™t 2 o
_ ‘ z

- The mgm%at :m of B{;mssaa due %@ londs smifamiy distributed
over a regtangular or a ei.rw}.ar area is rether inmlvm}, and the results
oannot be exprossed mm&ily in s m*b‘ of simple a@mﬁimﬂa_ However, the
problem has Leen solved and the results have been compiled in tebles



ig.

whioh make it g@saiﬂla to determine the amgm et any point by

means of these tables (e iove 28), | |

A cerbain ap&am wma, some of the strosses due to n cireuler

unifomly amtmmw lvad aﬁ' intensity p end radius s can be reduced

%o simple forms. The following formalas are of spevial interest w

highway enginserss B o o
(1} T™he formuls for the defloction of the surface at the senter

of the loaded area st

(2 ) The formula for vertiocal normal stress at s depth s below
the center of the loaded area is: & = p(1 = 008

where ¢ = ten~l 2
, z

(3) The formals for the horisontal normal stress at the same point
in:
Spp 2 E,E*l - 2ﬂ§ 2(1 $ M )ooso = m‘a]
(4) The formila for the settlemont of a rigld plate under a total
load W bearing on an infinlto elastic body iss

QW2 = MB)

Studies of vroblems of layered systems

The studies made on the siress~dlstrilution in layered systems
may be divided inte three classes:
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The first class includes tﬁ@u studies made on an elastic layer
on a rigld base. The base my be sssmmed to be fristionless or it may
be assumed to be cchesive. Welan (29) solved the problem for a point
load and for a line load acting on en elastic layer resting on a friee
tionless rigid bese. larguerrs (30) solved the problem for a line load
on an elastio ‘lnyar@ewﬁiﬂg on & rough rigid base and Passer (81) and
Biok (82) solved that problem for s point load. All the formulas derived
are very lenzthy end the resulte do not bave any close reletion with
this study, | |

The second class ingludes the studles made on a thin plate rested
on an elastic base. Umsatisfied with Vestergaard's assumption and use
of the "modulus of subgrade reaction”, Hogg (33) made mp sttempt to
solve for the flemural stress in a conovete pavement, He dealt wiﬁh the
pﬁblm of an infinite plate resting on & frictionless elastic base.
_ Marphy (34) made the study for finite reetangular plates, le used the
mmm of subgrede resotion as ﬁm mensure of the elastioc property of
the subgrade ez Vestergaard did.

The third class ineludes the problen of sn slastio layer of ﬁmﬁw
inite ai&wm base, lsrguerre (36},

&hmkma resting on & senis
| making the use of Bessel funetions end ?mr%r integrels, first cbtained
~ the gensral solution of i;!w axially syimetric stress distritution ina
"thick plate”. To simplify the problem, he sesumed that the ratie
betwsen the lams's constants of the thiock plate and that of the base are
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RESS DISTRIBUTION IN LAYERED SYSTEMS
Theoretical Solution

Sotations (Ses Figure )

B » Modulus of elastioclty.
M= Poisson's ratic.
- ®5 63 & = Cylindrioal soordinetes.
S ﬁWm
8pe Bg0s @M = Normal stress components in oylindrigsl
ocordinates.
Bpos Bo%, 8, ~ Shearing stress cempon
§ = 8tress functien.
11, w » Displacenment oomponents in the direction of yr and =

suts in qylindrical

respectively.
% » Thickness of the top layer.
» = Badius of the cireular loadsd ares.
p = Tmtensity of the uniformly distrituted load.
axm r/‘b Reoiprocal of thicknesa retio.
Eym Modulus ai' elasbioity of the top layer.
Eg= Modulus of elasticlty of the base.
k = By/By, 8tiffness ratio.



o

&t | at
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¢ \2,’ “>k (B) Coordinate System

Fig.2 Di@epsiens,_ﬂétatioﬁs and Coordinate Systém_>i‘
' uséd]in thie Study |

e ;
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n & Bg/By Reciprocal of stiffness ratic..
m - Parameter.

Ass ions

8¢ The materials in this study ave assumed %o bt homogoneous,
isotropic, end elastic, The displagements are so small that the linear
theory of elastieity is considered to be valld for these materials.
. b ,?@iﬁs;mfarzﬁm is the same for all metorials in & given problem,
s The weight of the materials is neglected, that is, only the
portion of shress a@zieh results from the external load is considered.
~ds Yhe sxterrnl lead is axially symmetric, and norml to the

¢s The displacemsnt is contimous aorcss the intersurface.
£« Bvery point is in static equilibrium.
The justiflication of these asssumptions will be discussed in the

applicstions to hichway paverent design (Chapber IV).

 For three dimensiomal problems with axisl eymmetry, the following
relntionehipe have been develeoped [3“ Timoshenke (23) sn? Burmister {3‘)_] $
8+ Ngquetions of sguilibriom.

O8rr 4 OBrE 4 Srr = Bop .
it +uidis acaug K @

J8ys ., OB Olre
TE VST AT =0

B8r0 w 0D
Gos w0
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be The strese funobion snd the stresses mga@mﬁm {1) are
satisfied if:

- O u.r)f_i
Srr gﬁ{ﬂVf 32

J*e;a-{.ﬂvz‘i‘ 2 M "
o%)

ss¢ 5 %[& - }v*yf - 3__?]

2
Borsy zfi:[ﬂw ) VA - }g}

2 _a,aﬁ,, : 9
mmv@«? *5?’} | {2)

o+ The W%ﬂhilmy @qmt:ian iss - £3)
V* # d ﬁa&

va M[m -t v2f - 3_?} "

@« Solution. The solution of the oonpatibility egmtiaa (3) iss
 dade tar) {&“*km&ﬁ % 4 Dee™) ,
in which J, is ﬁsa Bessel unotlon of the first Mnﬁ of order ﬁ,
and &, B, Gy D are srbitrary constants, To find the stresses,
substitute the result of the compabibility equation into the
- stress eguations (2) to obtain: |
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sss = ~n° Jo(mr) (Ame™ o Hme™® § G(us = 1 4 2.) ¢™
+D(ems = 1 4 2o )
Srr = me Jo(mr}) ( m‘“ = Bme ™" 4 Cims # 1 & ﬁw}tm
4 E(‘mz 14 200)070 . BIY@0) (uns | ppgme |
' c(m + 16" = D(ons 4 1)ofmE)
Ses = z,uai Jolmr) (ceP® 4 pe™m*) ¢ M2 %) (4me™® « Pme™*
# Olms $ 2)e" 4 Dems + 1>e‘m")r |
Srs ¢ u 231tmr) (Ame™® 4 Bme™® 4 C(mz ¢ 3./1)0
4 Dlmg = 2ude j ! (s)
The displacement compoments are: ,
we - ‘V’? m;a(w} (ane™® 4 me™mE ¥ Cms - 2 4 4u)e™
B |
$Dlnz % 2 - 4o e
s (1, 4} mJ {'m') (ﬁmﬂ - Pme P § Clng + 1)6™F

3

4 D{ems % l)o J (5a)

rical m$ distribution in layered systems

The boundary conditions 4o be satisfled in a leyered system ares
 {a)} the contimuity ui‘ the éisglwamﬁt emqmmta u end w aoross the
intersurface, (b) the equilibrium of the points on the intersurfeoce,

{e¢) the equilibrium with respeet to the exbermml wall, snd {d) the
vanishing of the stresses at infinity., All factors of the top layer sre



2c.

4%& by the imariwy 1 and those of m bass by a subsaript 2 as
1in Pigure 2, If the external load is dlstributed as P(r) the bomdary
_conditions and equations ere:
When & ¢ wb:(Bzs); s <F(r),- ., {Bra)y * 0;
When & 5 0, (Sss)y = (Szs)g
Ssr)y & (Bar)y,
{w)y = W}g; ‘
fﬁ}l-‘ & {ﬁ}it
and when 8 & =0 , | _
@y = 0s . L o (s}
The loading Punction F(r) can be expressed by a FourisreBessel
Integral. [See Mhittaker (37). | |
- Fr) u f o (ur) f CxF(x) Jglmx) 6x dme
For a airm:n:r mxiﬁ‘aml:,: distributed loed of redius r » ab, end of
intensity p:

P(r)=ps vhen » < aty

at , :
| J giolax) x dx » % Jy (mat)

F(r) = atp f Jolmr)dy (mat) dme

How, let ’-%"M defined ss: . ;
Qn [f’{rw,&,m}J ® atp jf{rmﬁsm}ﬂ;(mﬁ} dn (7}«

Qp 8 & methematioal operation on ‘;M fum@im £(r,e,z,m) with respect
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to the parmmeter ms The order of operatiom of Q and the integration
or differentistion with respeet to r; o u@:f 15 any formle can be
interchanged.. o | | |
The walues of the stresses given by equations (5, Ba) are substituted
into the boundary condltions (8) and these eguations ur& simplified to
o™ « g™ § ) (omb = 1 % 200" & Dyt ~ 1 $ 20w Qs
ﬁlm"m*‘ # Bme™ 4 0 (2 )™t & ﬁif-a,d ut)e™ » 0
(4) =By #Bydm = (3 = 2UY(Cy # Dy = f@ai 205 |
(8, 48, =3 0m # 30, » Dy # D) 205

s, B BY ¢ D D
B2 metetaten
Ay 2 03

0z = 0. : (e
Solving for the six constantsy
Mz ‘ifa- fah[ -} (1 ==} 5 (mbuad)(n 8 = 44) 4 (BU=2) (4.4 =3)n
b (@4 # )3 = au) o™ o (1= n)(5 = 4.)(B4~ wt)e™® }}

(mt(4 st = 1)(n # 3 = 444) =~ (@4 = 1){& 4 = 1)n = (344 n)
(3 - 440)) o} }
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31#"*%[#2*33{"’{3@“*’&}{3*3&3} &(1#3)(,3*‘/4)‘%}}
ﬁl:«g%H& - 4= n) {3%1*&#"%1}& Mun}{zwnﬁ }}

B = 1y a2 wm%[l{[mz “4isn) 4 1endbau(teu)] B
| N [a&{éﬂ*l}mﬁ “““*}]
| Dy z % ia{‘& &ﬂv )%{§ {f& T 1)t & (1 - ‘n}g o~ 1)e }l
in whichs
n = BBy
Bz~ {({1 - 0)%(3 = 4u }am d(Imetund1)(3~ V’ %a)«*““
b e2) (8= aut )1 4 4PE) ¢ (5= ap)(8 = apm 4 1))
Substituting these oonstents into equations (5, 6a):
(3ge), -em(’*’f““ {(1  (wb(S # 2ne )1 = 2un)
#202uw 1% s +n)(s ~ au) = ns(s - 4 s ng'm(ﬂa}
P e (md o= 1) - ap) WY
+ (8 ~¢,u$ u}(&a 2 u4 1)(~m « mE - 1)e "(“‘"}
$ (1 =) (05 = 444 (-1 = 2ms) 4 2(aue1)tn
$(1#n) (8- eM) + (3 - dut n) m(m}}l
(5p4)1 = %[”m"}{(i—m} (mb(3=ai4# n)(~1eBus) = ($~4+ n)ms
4 (1)1 = 208) PO 4 (10050t s mlbe)
#:(3 = 444 2)(3n = 4un + 1mls 4 8) P62
| 4:‘(1 - a}‘[ nt(3 « 44 n){(2 me = 1) = (3 = 44 % n)ms
~t (1w p ya - - 2 M)n) e"’*(mf’}]

%)
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Joler) {&1 » u) m(,Mﬂ% 1) («3=2m2)

g 13{3 = 44 0) & 4 (lapi)(1 = 240 )a] e BIEHE)
& (tem)® (5w 4 j0)(n 4wt & l)e“{M}
¥ (8 = s )(En - 4un & 1L - mx - mb)e ?‘““"3
+ (1«:&)[@ (8 = 44 )(5 ~ 2ux) + (ma « 1)(3 = 44 n)
e wﬂ ifl . aﬂ}n]e‘“’(mij J}ﬁm-} {{:m)
(e (3~ aps a)(@/* 5~ Zmn) ~ mﬂs -~ 4y n)
- f&*ﬁﬂ)w*éﬂ}(aun})e”(ﬁ*‘} |

$ (8- - 4us n}(ﬁn -4un 4 1){omp =k 51 - E/)e
mizet)

nites)

$ 0 =2 (8 au)lus b mt +1 = 2m)e
| 4&;3-»@}[% (Mﬂ&a};(awvwam}&mimﬂ&a}
- uﬂﬁﬂ}f%vmwaﬂ e’““”’}

(oo = % [%“ M{u (1on)(3 =444 n)(142 mt) n(vén)

$ (Qen)2(3 = ap) PO 45 4uy
(m-qunt 1) n(t~s)
4 {lﬁn}(Mﬂ% n}(ﬁ m 1) «ém} }

CF Yyer) {{:m,) (m6(3 = &ub n)(4ued = 2 m} = 2 (3=44 $n)
mrl

{1 - 2 u)(3 - iﬂ}fiﬂn}) $ (1 -0 ~au)
b bma b1 2)e ™) 4 (50 gus n)(3n - 4un b 1)
{m -mb &Ll - ‘aﬂ}emim) 4 (3en) [mk (8= ‘&,u% n)
(s - hUm m; % m($ 4 n) = (Lw2u) (8=4au)
: n a- n)] - €w}”

m(%&)
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(why = 2% = J’“f"’”{(h n) [mfa . 4Bz }(S « 44} n)

s (3 = 440# n) 4 2(3 = M1 b nje enteta)
s {3.*:&} (3= au)mt dns 2 + 3y o inlst)
¥ (= &,u& u)fanﬂ 4un 4 1)(nt 4 ms $ 2 aﬂ}e
+ (1 ~g}[mt’a « 4% n)(5 = 4u4 Bmx) mm,z (3 = 4ut n)
-2 is 44)(1 =) (2 4 n)) em(m)})

A qu| ab "”{(; =) [mt (3 = 444 u) (4~ 5 = 2ms)
cmn (8= 4us n) = (1220(S = 44)(3 = n) o B(bH)
$Qen)® (3 e au)(ut b m 31 - 2u)e 208

L (3adus n){&a - ﬁdmi I){ont ~mx # 1 «Bu)e
(1 =) [wb(S = 4u% 0)(3 = 4u-dns) + me(3 ~ LU+ n)
a0 emG-ale ““{"*‘}}]

m(tes)

n{tws)

(a“:;a 2 wmil ~M} Gy "ﬁ“ {[3€#~&)(; *n) «m {m - aym»; 1)
it (3 « 4% n)e™8) § (len)(mb(<letnn) 3 2 ~ 2us mge“(”‘?}]
(8r2)y = 4n(l «u) % [«..L..{[m‘bﬁﬁ - @,u& n) #mz (3n - 44n + 1)
2 (I M)(1 = n) e B(b-8) + (1m) [mt(2ms = 1)
4 2 1 = ms) e HEHE)]
(Bpple = (1 M) Om Iﬁf[m(m - 40} 1) - mt {s - &}4; n)
+ 3001 = 24) & n 4 24)e®8) & (1) [mt(5 = - 2ms)
s -zu)e i)y f%.l{&m (8a = 4unt1)
emk (3 = 443 m) 3 4n(l wu)(2 = gu)e 8B
4 (1= n) [m(5 - 4u- 2ns) 4 ms) e"“‘ﬂ")}}



31.

(Beo)y 2 _ax{z,m;_ % [z“ff;ﬁ:"} f(aa ~ 4 n 4 1)8“{"“‘3

0 n)(’&rsh “1)e ““‘m}}ﬂ le} {Em (3n - 4und 1)

| -w{a - w% nj + m{x - 3(3. wgemiw}

%{:m) [ﬁ‘- i« » &«W 2a2) *W‘] %(m}]
: . Jolor) [m% (5 - ‘iﬂ“" n} 4,.,” (&n e *J,{a + 1}

&fs “4u) & (5 = 12u8 8 uP)lem0) 4 (1 n}[m{a - 44 2ms)
«néu&amwﬂe"“‘“‘}ﬂ |
41 «42) (3 )
31, %[“"’W{[ ws (88 = 4un 4 1) |
- b (3 44 n) $4n (1)1~ au)]e mites)
$Qe a) [mb (8= 4u= 2mx) ¢ m e mﬁm)}] (2}

A% ’aim mturi‘&m (m Q):
| (s,m)l - (3“),3 = m{z -t ) sm [ﬁ@'—l{ (8 (u ul}(i # n)
| mb(3 e ap 4 njo™ 4 (1 -a)(e - Zi-ut)e™ }J
csm;, » (Sra)g » 402 =4 )2 %[ﬁ*‘*&f’;ﬂ ey
ta- mzwm] 3 (1 e ) (im 1 = mt)e }J
iw)l . (v)g & ”‘ ’}'; o] Ay J‘ffw}{[nﬁ:{& -4ubn) &3 4u
s a{% - 1244 aﬁ;] ¥ (1 = 0)(3 = 4u Yt - x}.m}]
(a)y & (up = ‘ﬁ 2@ 3 %PM{M@ - 4U % n)
| + 401 ~u)(1 = 240] M 4 (1 - (s - uyam}]
(aoah - mqm[*’”‘m‘} {z{a 4ud n}mbn = 1) & 2n(1 «u)] ot
# 2(1 « n) (mt(s » 444 n) - 221 u:}l)] '“‘ﬂ + 401 -w))
(g

%[%?;{{[m{ax 443 n) & 4n(1 u)(1 - 2u)] R

¢ nt(l = n)(3 » 6»‘5‘)*%} I
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(Se0)g = (1 =) %[ﬁ“féﬁ’ﬁ{fm - 4un 3 1)6™ & (1« n)(2nt = 1) }

4 _{;fw){[.mg(a,« 444 n) = an(l = u Y1 = 2u) ] ™

#uk(l - 0)(5 ~ 44 }a“mﬂ |
(5re)y 2 4Q, [0 ZH (8% 4us m)(un - 1ut 4 8a(1 BV VEEE BN Vil
#(1en) mlunss-au)+ g 9:- 1)e’ } (1 )8y (mr)
{Em%i% 4% n) 4 40l ~u)(2 - w)]o $ (1~ n}mﬁg - 4#%‘”}]
(Srr)g = 402 = 4 )0 Q, "@{"“' {[&{z “34) #mw A= ub(B - 4ub 0
3
R I e - 2% foa(s - aue w

——

$4n(1 e )2 - 24)] €™ 4 (1= n)mk(S - 4w }a"’“"}] (9s)
On the top surfmoe (% & ~t)s &
(Sm}l 2Q, éﬁiw}} & F(r)
(sra); 30 : |
oy 2220 ;ﬂ'g~ : [%’,‘ﬁ{‘* ~ 4% 0)(3m = 4yin & 1)e*™
| R a}“{z w8 M) FE 4 (1 wn) [4mb(3 =4 3n) = 2(1 4 n){5-4 )}}
(w), = %;f_}_ L (1= 24)(5 = 444 n)(8n = 40t 1)e "
#(1en)®(3 ~ 42 = 34)e" %% 4 (1« p) [ aB6R(5 » 44 0)
*2(RuUL)(S = 4u 1w E}}H , .
(swh P Qm[..é?i{(s - 4p 4 n) (% « 4pn & ﬁam $ (1 - n)2(3 = 4};}8%*
$ (Lwn)[(5-4p4 x}m,t -8} % 8(1 - p)(1 - 2y)n]}
- i%f;;;"ﬂ{il - 2u){8 « 4x 4 n)(5n « 4m 3 1)e5®
% (1= n)%(3 « 4p)(1 = 20)a™® 4 (1 w ) (2% (3 - 4p4 n)
2(1 = 21 = m)(5 = 4;:3}]

4 e
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(8e0)y = 29 %P&?‘ﬁ{m - 4+ 0)(5n « gm 4 1067 4 (2= n)2(5 - gu)e”2®
“2(1~n)(s- 4 4 )} & *’fz@w}{cz < 2p)(5 = 4p & n)(8n = 4 & 1)e™®
(1=n) (5= 4 (1= gwde™™ 4 (1« n) (wnPeP(3 « gy 4 n)
201 = 2p)(s - ff}(i - a}]}] S (sv)
a%t%mﬁﬁmw%ﬁ&mgﬂmﬂy%wwMWM%mm(ﬂwﬂmniamml
Mnﬂ%aﬁwmwmerwumumaudeﬁmmm&3a%mﬂwhmwmn
identioal ta th» sorresponding ones fﬂr the aﬁamta'@ an& éitplaa«muﬁtt in the
1mummmwmgﬁmwmhww‘
(b) “hen r is equai to m, (Spp) ia identical to (See)s
k}%m&%tﬁm&%ﬁﬂ%t
Ha%ﬁﬁ*}?g&

Jg{ﬂ} sl
x0Ty #%

Jf'm"zf”"} T W

‘Jégﬁ_&‘ﬁé”' , (10)

o X @
ﬂwmmmmdﬁmwﬂmvnﬁgmﬂMm&w




Along the axis of %ﬁnﬁﬂ (the vertieal axis), the stress components

8,,(a21, ra0, 5e0) anﬁk (1 = mt)e™3, (atm) o

. ‘ Tw 1 w
ik (a® + 1)%%

Srr(ne lraOan0)e mww (b =1 = 2p)e™™y, (atp)dm

Timosheonko & AN\WV -

Fumerical Approximations

Stresses and displacement at points alom the axis of symmstry

In general, the functions used in the solution of this problem osn

be expressed in the farm o |
| m_?%%?&.w&%ﬁw?ﬁw dm

or m_ﬁ\w&nanﬁu&uw?ﬁv@?gu dm

Dus o %o.w\.w%w&w&wg of the interration formulas and tables availw
eble, it is wery difficult to evaliate these expressions, However, by
meking r g 0, that is to say, if the solution is limitsd to evaluating
the stress and displacement along the axis only, the terms Jo(mr) and

“Jy(mr) become constant and cen be taken out of the integrend, Now the

o problem is reduced to the ewvaluation of the definite wﬁfmﬁ;&»

L

[Papnms)nem) .
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Using the theory of similitude, if & is expressed in terms of t,
the mm oan be further reduced into )

‘ - Flzymnm)dy(an)dn, , ,

- In all ceses the funetion F im still %oe mgﬁmﬁqé to find uveing
any awailabls iatsg;ra:&iam im‘maiu., 5 semienmeriocal method is employed
© to get the mmerical valus of such integrals. This is dome in the follow-
ing steps: _ ‘ 1 . |

Pirst, an ssymptotic expression of the funstion F is obtained by
dividing the term of highest order in the mmerator by the tem of highest
order in the denomimator.

~ Second, som mmericsl wvelues of the WM F are somputed for

selected values of m, |

Third, tiu numerical walues of the asymptotiec expressien for the
same values of m are mm‘

Pourth, the difference between the mumerioal uhum of the funetion P
pted for various values of m. Let

and the uymﬁatm @Wﬁnﬁa are oom
then egual &n’m Bw"m * Co™ sassnnvey WBDTO 8, D, €, sees Are ull of
higher order *!;mm the esymptotic expression., The velnes of 4, By Caes are
found from tho ﬁimimmt uqﬁuﬁianm - |

Fifth, the agymanim%a expression P} which cousists of the asymptotie
exprossion of the Mm F and the correcting terms As™™ 3 Bg™Dies
ota., will m*kahﬂm original function at the seleoted points and at
Anfinity. This epproximste expression Fy is used in the integrand instead
of the funobion F and the approximate numerical valus of the integral cen



be obtained,
| This method iz illustrated by the following ezamples.
(Spp); (827 =20) s up Lw {3~ sus n)@wneza=zum
#8001 e u)(1 =242 wun)) Ps2(lon) ((Buns3-au® auim
- un(t =) §an 2 ap [ ) 3y ()ems |
m»véamfawmn" ’ |
Lim. P(m) Jy(ma) # Lim.F(m)Jy (ma)
n— 0 n— 0
n— 0 m—0
Care must be teken o that the approximmte funobion will represent
the function F(m) very clossly st points near to the origia sepecially
when n is very emall, For example: When u g 1/900 and .« a 0.2, the
asymptotic expression of the function F is (2.30Im - 0.00853)e ", The
spproximate function ¥1 is to matoh the originsl function at polats m o 0,
mz3d andm g lend Py is to vanish at the seme value of m as vhere F
vanishes,
The mmerioal value of Py
| P(0) = 360.8
MNP = 44
Fl) = 35.62
Flmg)z 0, my 3 0,0233.
To mateh these points, we find:

3)e™ - 4696 % 4 106,602+

Fi(m) = (2.301m = 0.0033
Use the imtezvation formulas (10}, the approximete walue of
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(s

I |
X2 (rese0)z 2.591 versd ~ 0.00535coxgain’y - 469 wreg;
¥ 108,8 versdy

| J a

in which: ¢ = tan~ a5 gy, ¢ tan 2 - .
Jﬁ | : 3 f}.t = ‘ W iﬁ = T

Thess expressions can all be evaluated guite reedily mumerically.

The mmeriosl value of the other stresses along the axis oan be
somputed in the same way. For the convenience of the hichvay desicm
mg;imf,,‘ths mumerieal values of (Sz,)(. w . g o) 8nd {sﬂ')i(rzﬂzﬁ}
are somputed end plotted as Charts s, 3b, 48, and 4b, whish give the
maximum subgrade reaction snd the maximum flexural stresses in the pavew
-~ ment respeotively for werious load snd pavement conditioms,

ot _on the axig of symmebry

ssses end displscements at

Cona ider the Vourier-Bessel integrel:

s : P{r)e if s < v s

dm) mx F(x) J_(mx) I, (mr) dx =

ove ' Oy if #>b ordla.

This funetion has éhﬁaﬂﬁzm%iag at rea, and at r 2 bs
Although the m;gm sxists for all values of r, the convergenes of the
infinite mw is vory peor when r gets oloss to vither & or b, Te
overcome this handieap and to make mmerical integration possible, the

infinite intezrals involved in this study are reduced inte proper
definite integrals.
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Since:
2 ("
JI{M} == J sin (masind)siné de:

3 (ur) = ~f cos (mreing) af.

- By a!wzaiag %humaffmhgn%%mgth -

r L ;
. of #ine(asind & reing)
?Z(a,r) j f‘”}“ (m)dm 5 """‘2 f@ 14 (asing & maﬁz

<0

g
&;r) = me ™ ém)égim)&a s ..-2 fé&j [:if?‘:: : :«::31)3
£s 3

%00 an
’ - o (ag simbetng (1 » (asiodbesing)?)
Palarr) gfne “1‘“}"1“’“}“ s “‘ﬁ? f f (2 & (esin0 ¢ f'm |

P.la,r) = mé;( J{Pwéa-» f&aj « a.’mﬁsimf
‘(0#) Qjﬁ alemsy fm) Ti+ (asine + uiap’)gjg

Fgla,r) = ] Ji{m}d;(m}é& s ] e j & aindsing log o
L

R + (asing + uinﬁzj S (1)
. For fumctions involving higher expenential powers:
((—em, g | 3,  /b0
Jytbm)d dm = % P, (= 3
£, 1(om)Tg(emdm 2 = Fy (=2t
oo 1
3 {amddm - b oy,
[y m)ag (m)am = 2y, & 23,

T dn. o L 1,4 e
me  Jy(bm)Jy{em)im & L ¥, & 2);
Jo g , o ,“;,‘_,‘3.3@&

Jl(bm}x?l(m)éa - = ?,ﬁ(: i:‘:);

j§ a;(m}gimma Fs{;;), R O o )

o
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' The ;‘hrasa at eny point cen be computed in gemeral by the following
o o0
8z ap j ?‘(m, a,kgx}ézfm),} {m}mf
F&rw siwpx Fw any gim got af valma ai‘ s,k and v, compute the
w‘am F(m,x,k,p} wmerically et soms selected points for a1 fferent
values of m. R
~ Second step: Pind an agmﬁmﬁ ﬁ@timﬁr% in terms of
mmnﬁiai forms., B |
Third ﬂ:&xn Ixmegm*&a the ammximm function mmericslly by the
fomlaa (11) mﬁ (J.&t)‘.
Por emwia, *!:@ fmé the ﬂ!wumm shvons auﬂar e pavement of stiffness
ratio equal to 100, F@ﬂm’,i ratio egual te 0.2 with the radius of the
loaded ares equal to at, the wx’m function is given by equation (Sa).
- mm%gimmhssefx(mmltﬁmm),mm‘y,
function ¥ is computeds
ttmaﬁ, ?tﬁg M
i‘k m tﬁgﬁ, F w 0.196

st n e 1.0, ¥ = G DB3E

st&zgaﬁ, ?ga.am

at m = M; ? u 000872
The approximate funsbion for F(m) is

P(m) = 0.051%06™™ & 0.1422me ™ & 3.716me™ 27", aporoximately.
The firet term is the ssymptotic expression of the funcbion; the seoond
and third terms are to correst the mmerical value of the asymptotic
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the soft material will become much greater than the

mmtaﬁ mlua.a.u -
éﬂ*bmlly the computed res: lta of the ahwiz:g M:mssas at the interface
have ‘mzs‘: be«m mblish;ﬁ :wm’b_aimg m mn;&ta vc::f this ‘mti@‘ show
‘{myw 5} on m smry. that the mrmg stresses at the interfaoce
émmu as m relative stiffness izwmm, There is no reason why
the subgrade should not have encuth strencth to take oaro of the mxe
fmum shaariag stresses under a rigid pavement, because these stresces
are only a i‘matizm of sinilar s’%maﬁ under & ﬂ-uxihis pavenonts

Criteris of design

In the author's @Wﬁaﬁ, the best oriteris of paverent design are:
for flexible ;mwmmgm bearing stress or load transmitted by the
pavirg material and the allowsble subgrade support; for rigid pave~
mm, the i’hmrul a%mg%h of the ghba., The au*biwr mwmiam the
desirability of uaw the mzm af the pmm::& a8 ﬁw gmm!ag
faate:r in ﬂm desigas bowever, he samnot quite agree with Btzrmiskar*u
method. The theoretical walue of the sebtlement of the surfiace of &
mm@hmiﬁi&iﬂimsmlwwmiam Eyﬂ&m o
,’%m’t pﬁmzﬂm ‘the gtress at a point w:iil ’t:e my alig,h‘bly nﬂ!‘aw&d
by replasing & force system at region sufficiently eway from the sald
point by encther eguivalent force system. Ihe differences betwsen the
ideal Mtinm?in the assumptions and the sctual conditions such as
for the dimensions and intensity of the load, and the elestie property
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%0.
Ser = (@ - 20)7- 21 - san2y]
Bu 2 g (w84 # sin2t)
sre g - anf

~ 4in which the ttmaau’ cons idered are for points on the surface along
© the circumference of the sirculer leaded am and 1 is the angle of
approsshing. Since the vertical section diresbly under the oircume
~ ference is the #ci‘tzmxm&m* 1&; 5 be argﬁal 4o 3 T . Then,
Spep & =YP
a =~k P
ﬁm =z = p/ T
- Using Mohr's theory of Mlam {ﬁgm 8) oohesion in terms of
the immity of the load and the angle of internal frictien of the
mﬁaﬁai mey be Wmé mmr&i:g to the formulas

o1 = 24272 3 36« (1 4207
sr #so;i’:)ainﬁ = ﬂl) (12)

in which € is the reguired aﬁhu&w strength of the meterial in poi and

o is the sngle of internal friotiem.
I W s equal to 0.2, mm 12 my be reduced to:  (12%a)

By #abntiﬁu#ing &wwgriwke values of G, Py and i in the graphical
na},ﬂtis}m in this fami&, Pisure 8¢ is obbtained.
If the sontast preesure for heevy trueks or alrplave vheel losds



Syr = =MP;
SZZ: a-%p;.
Sgz - 8pp= -p/T.

P- contact pressure of‘tire;'ﬂ- Poisson's ratio.

(s) Critical Stresses.

. //// Solutions-
A [ cvszfﬁscﬂ(ﬁ I“Qﬂ)zﬂz
P 4 (cscd
1 Spg b — (1+20)1T)
c . —Sinﬂ) . . ‘q
C- cohesiong rr
#d- angle of inter- Szz
nal friction.
, (b) Mohr Diagram,.
0.3[ —T 30
| ’ | p=70 psi.;
: | | #=0.2
N . lSa’cisfactory
0.2 mEn R o0 Mixes
- I g \ . l l
: 2 . \ %Is .
Qﬁr; ) 5 | 48 5 tugds, /
. Computed on i Unsatisfact- Jhs\\\\N
the basis: ° ory Mixes .
J‘: 0020 ' : -
o~ 0 b— ; A
15 20 25 30 35 40 45 15 20 25 30 35 40 45
g - degrees | g - degrees

(ec) Bearing Strength Expressed (d) Result Compared with
" in Terms of Cohesion and Angle Asphalt Institute's Finding.
of Internal Friction. '

Fig.G Bearing or Load Supporting Strength of Flexible Paring
Mixtures. - :
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The results of this analysis show that tensile stresses may ococour
in the flexible typs of pavements. Tn the discussion of Burmister's
peper (2) gg@ﬂ ;nﬁp‘.«@ﬁ Neses the meterials Awoa most flexible
wpggw for mgﬂpﬁ purposes cannct take tension.” However, a
bituminous wixture ;mgﬁw.@, retaine s portion of the lateral thrust
csused by heavy wertiosl lond even after the load is removed. It is
reasonable to expest that the small smount of tensile strees in & fleme
~ ibls pavement ceused by the wheel load will only counteract the latersl
precompression in the pavement caused by the heavy rollers during cone
sbruotion. mw.wy may explain why & bituminous pavement ocmrrying very
1ight traffic is more likely to break down under a heavy wheel load
then » #imilar pavement carrying heavy traffic, The development of
tensile gtresses in flexible pevemente by precompression methods of
construction is en interesting desiyn feature worthy of further study.

Correlation of the modulus of ﬁgﬁﬁmﬁw&w of the subgrade, the modulus

_ mm, subgrade rescstion, the Califomis bearine ratio and the subgrede

As discussed in previous paragraphe, the determimation of wocept~
able values of modulus of subgrade resction and subgrade bearing espacity
is u&»ww debateable. It is impossible to establish a definite relationw

ship between these two terms and the term modulus of elastiecity as
uged in this study. However, using the mothods by which thess two
‘values are ommmonly detemminmed by laborstory tests, spproximate relations
ships oan be derived. In common practics, & thirty inoh dlameter rigid



. Bl

plate is used to test the bearing value of soils. The deflection of

the surfage of en slastic infinite layer under a rig: id plate is given

by the formulas

ia which 4 is the mm deflection of the surface in inchesy

r is the radine of the rigid plate in inches;

q is the aversge bearin: pressure in PeF.Cu}

is the Polsson's ratio of the aéil; |

Eg is the modulus of elasticity of the soil in p.s.cs
. Using & value of r equal to 15 inches aaﬁ/u/twnl to 0.2, the formula
may be reduced toi

9 » 0,0442d5,

v By the definition of modulus of subgrede reaction for thess
| u@»iﬁm s
| (s

| ¥ a '3* 0.0448%, .

in which X is the modulus of subgrade reacbion in pounds per square

m per inch and By is in pounds per square inch.
© 1f the allewable deflostion is 0.1 inch, the sllowsble bearing
mgaa’s.ty’ of the soll will bes
- q % 0.004428y ‘ (1s)

 The relatiorship between the modulus of elasticily of subgrade soil
i the Celifornis Bearing Rstic oan be indirestly established by the
| f#mzs (12) end the approximate relationship between the California
bearing ratio end the K value may thon be obtained by the plate bearing
method (ST) (See Figure 7).
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of C for different values of k awaréing to this study and according to
Palwer and Barber's 1&@@ are plotted in Figurs 8*’; it should be obmerved
thet if mﬁh ourves are started at k 2 3 waich is practically ‘bhu lowest
valus of k for a flexible pavement, these two curves agree with one
another fairly olosely.
For rigid pavements:
£ o O.oz5pa? (10300 L 1502 )] 5 (18)

anX .

in which f is the flemural stress in the pavement; k, Py vy and £ hawe
the seme meaning as m the flexiblo pavement formula {15). The usable
range of this &yymmga formila is Tor walues of stiffness ratio

Crenging from 200 to 5,000.

Comperison of the results with other formlas

Since this analyeis is based upon factors scomewbat diffevent than
these used by other investigators, s genersl comparison of the results
of this analysis with those of others mmxh be made in all cases.

In the illustrative exmmples, which follew, a comparison of the resulis
obtained in this study with the results obbained by the Califormia
‘Bearing Batio method and by using Westergaard's formule are tabulated.
The flexural stresses due to wheel loads at Imterior pointe of &
sonorets slab obbained from this study are in mest cases higher than
those computed asccording to Vestergsard's formala (See Table on pege 65 )
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The sompariscn of the raaai:&a obkained in this study with the
reaults obtalued using Downs formule, the ssphalt Imstitute mmh
for mﬁbiskmm’%;; and with mﬁ‘ff*‘a formula for the interior
thicknees for eoncrete pavements. In meking this comparison, these

formulas mast first be reduced into comperable forms

"Eg "
./""*

Substitute W into the formila,

Asphalt Institute formulae:

‘G‘ég vy '#ri
9 l

-—?——{**”) ] fz;w)z .E:
Older's formula for the interior thickness of vonerete pavement
sssuaing the losd to be distributed wer four coranerss

It should be noted that the results of this study agree with the
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Step three, the bearing strength of the paving mixture is checked
‘with formula (12) or Figure 6o.. |

Step four, the required thickness of the pavement i dsbermined
from t&& w‘hgm‘ma&ién u‘kia B8 giﬂm in Fizure S0 88, or by a

sut~and=bry method using fomuls (158},

| Step flive, the aégs of the pavement should be desimmed so that,
either by widening the pavement or by spresding the footing, the bobtom
edge of the pavement will bsé at least three times the radius of the tire
sontack aren from the edge position of the wheel load in normel operstion.

Ilustrative examples

(1) Determinetion of meximum subgrade reactions,
@im; m«z leed wa 10,000 1b.
| | &mﬁm@k pressure of tire p = 60 mei.
Modulus of elastiolty of compaoted subgrade, Ez & 4,000 pei.
Thickusss of pavemente , t w 12 in, | "
% find the meximum subgrade reaction under different types of
pavements with the following walues of moduli of elastioity:
 Sand elay mixture, Ej = 8,000 psis
Grevel mixture, By 2 12,000 peig
Bitumineus mixture A, E; = 16,000 psiz
Bituminous mixture By Ej = 20,000 psij
‘Bituminous mixture €, By = 24,000 psi.



Solubions

The radius of contact aven of bire, 7 = A, ‘.\f = T428 in.

r/e 2 7.238/A2 & 04607s

: 3 "% Bituminous mixture
Material of pavements ,mxﬁéﬁ Gravel : 4. r B 1 ©
et I LA 3 - 1
x =51 oz $ 4 5 8
Eg
a/p from Fige 3a 0uS2 04238 .28 0.3 0.21
Subgrade reaction, g 19 , ww 15 14 13 psi.

Aﬁ Flexible pavement maawﬁwa |
Givens %heel wﬁ? W= wc@@ 1lbe
Conmtaect pressure of tire, p = 855 psil.

liodulus of elasticily of an A=7 subgrade soil, E, x 2,000 pei.

Bearing eapacity of the subgrade soil, g » 10 pai.

Nodulus of elasticity of gravel mixture, By 3 10,000 pei.

Wiodulus of elastiocity of asphaltie concrete, E; = 20,000 psi.

1t is proposed to determine the reguired thickness of these two

different @wﬁn of flexible pavements and to compare the results with

&wga obbained using the California m&wn‘wum Ratio, and mﬁ&aﬁaf Dowms ,

v Ea the ?@B n.a Instituts formulas.,

Solutions

il; ar_.ﬂli
o= )\ ,wm.—_. & 6480 in.

a/p = mmx@m = 0,182,



For the gravel mixture k = 10,000/2,000 » §.
Prom Figure 3a, r/b » 0.54 |
t » 6.80/0.5¢ = 12.6 in,
For the asphsltio conorete, k = 20,000/2,000 = 10
From mgm Sa, r/% = 6454
t x 6.80/6.5 g 10.5 in.

By equation (12), the approximate modulus of subgrade reaction,
| K % (0.0442){2,000) = 288 lbs. per sq. in. per in.
sccording to Figure 7, the California Bearing katio is approximetely
w;aai to 2.5 per cent. dccordingly, the required thickness te earvy
an 8,000 1b. wheel loed is sbout 22 in.

Aocording to ‘Barber and Palmer (@}‘, the allowable besring value

of the subgrede is:

{1+ should be nobed that this fmnh is slightly different from
squation 14)

If 4 is equal to 0.1,

» 19.2 psi.

(3_*5 ) (eﬁaa}
mwﬁii@lm the required thicknsss using Barber and Palmer's

formula for the gravel pavement is 1047 in. and for the asphaltie
conerete is S.é in.

The required tiickness of flsxible pavement for ¢ & 10 psi and
W = 8,000 iba. by Down's formula is 1549 in.; and by the Asphalt Imstitute
formla is 9.2 in. The required thiclmess using Burmister's solution (2)



G

is 19.4 in. for the gravel pavement and 11,3 in. for asphaltic oconcrete.
T fequired Dhickmess in in. Gompy

ed scoording tos
Type of tBare 3 T ' t t
pavement . imister*iBarber:U.B.RetBown ¢ A.1s 1 This study

G’mﬂi 19.4 3-9'? 22 Lﬁna’ G2 12.6
E » 10,000 psi,

A#mﬁ: &a aemm 11.3 8.4 22 15,9 8.2  10.5

*Bmxpu%eﬁ on the basis that the deflection of surface is equal to
Oul inch,

(3) Plexural stress in conorete pavemsnts loaded at interior points swey
from edges or jointe.
mm; -
Hodulus of elasticity of concrete By = 4,000,000 pei.
Wheel load W » 10,000 1b.
Contaot pressure of the tire p = 70 psi.
Thickness of the sleb t = 8 in, |
mm of elesticlty of subgrade soil 4, Bz a 2,000 psi,
By Eg = 4,000 psi.
G By = 8,000 pai.
Dy B, 212,000 pei,
To f‘md the flexural stress in the concrete slabs placed on the
four different subgrades as piven shove.

Selutions

rzigiggﬁ‘?..am in.
A

£/t w 8,74/8 » 1,12



G6be

Subgrade +t A + B ¢+ € ¢ D

k = By/Bg - 2,000 1,000 500 333
£/p from Pig. 4a or eg. (15) - Be16 446 4.0
Flexural stress, f in psi. | 429 322 280

Modulis of subgrade resction |
equation (12), K in 1b/in. 88 153 268 398

f in psl by Yestergaard's formule 578 547 320 308

{4) Design of interior thickness of conorete pavispente (for losd stress
enly). |
f&iwﬁz‘ Data same ss in 1llustrative example (3) exeept that the
sllowable stress (f) of the concrete is given as 350 psi.
To determine the reguired interior thickness ¢f the puvement.
Solution:
£/p & 350/70 = 8.0

Subgrade A 3+ B 2+ € & D

500 333

€ u Byl 2,000 1,000
v/t from Pig. 4a 0.9  1.18 1,32

Jegaired thickness, ¢ in in, 7k appr. 8.7 8.7 5.
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The required imterior thickness to carry the given wheel load by
Older's formuln is 4.6 in. By using a cut &Q& m method, solutions
for thickness obtained from “estergeard's formile vary from % in, to 3 in.
(5) Desisn of a flexible pavement based upon the inown performance of

other yamm of different modulus of elastloity.

Givens Experience hes showa that a 10 inch thick macadam pavement
with e modulus of a&wtini‘i&y equal to 16,000 z;ii resting on & subgrade
with a modulur of elastiolty egual %o 4,000 psil has given satisfaotory
performance under a certain intensity of traffic, For the same traffie
and subgrede, whet should be the reguired thidkness of a gravel pavement
with & modnlus of elastioity squal to 8,000 psi? What should be the
required thickoess of an asphaltic concrete pavement with & modulus of
olasticity equal to 25,000 pei? Also, *thém results are then to be
compared with Barber snd Palmer's method.

Solution:
Modulus of elastloity of pavement, By 8,000 16,000 25,000
Stiffness ratio, ¥ = By /By 2 4 843
Relative effectiveness,C from Fig. 8 1.08 1.17 1.30
Reguired thickness of the gravel pavement, (10){1417) /1403 = 11.4 in.
Required thickness of the asphaltic ccncrete pavement,
{16)(1,17)/1.30 = 9.0 in.
By Barber amd Palmer's methods
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The required thickness of the gravel pavement,
(10) 3/16,000/5,000 = 12.6 in.

The required thickumess of the asphaltic comorete pavement
| (10) 3/16,000/25,000 = 8.6 ins

‘It should be noted that in Farber and Palmer's method, the modulus
of elasticity of the subgrade does not affeet the solubions of the type
- covered in ﬁww- 1llustrative example.

(8) Design of & mulbti-layer flexible sirpert runesy.
Givens Airplame wheel load, W s 30,600 b,
Conteat pressure of aw@; pe 0 pl.
Bituminous top course, ¥ = 30,000 psi.
Broken stone base course, £ = 15,000 pei.
' Compaeted patursl soil, E = 4,500 psi. and the allowable
| bearing value, q = 356 psi.
Subgrede soil, B & 2,000 pei, and the o
allowable beering vaive, q = 10 psi.

Design the thickmnees for emoch layer of the pavemeunt.

- Solution: w»ﬁ problem of stress distribution in & multilayer
;»%mg iz wery complicated. However, an spproximete golution csn be
obtained ubtilising the idem of "relative effectiveness™ with the results
of the single lsyer system.

The rading of the tire contach srea is,

ra [l @ 10,92 in.
J TP
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659

SUMMARY AND CONCIDSIONS

The analysis provides a mothod to determine numerically the stresses

at any point in a layered system for & ciroular uniformly distributed

load scbing on the surface of ﬁm layer. The layered system oconsists

of an infinite layer of finite thicimess superposinz on an adhesive

foundation of differemt modulus of elastioity.

The stress analysis developed on the basie of the theory of elastio-

ity reveals the exmot effect of the stiffness of the pavemsrt on the

distribution of the vheal load by the pavement and on the flexural

stress of the pavement. The snalysis provides charts which show that:

- P

be

de

Gy

The meximmm subgrade resoction decresses as the modulus of
gmﬁaﬁ;y of the pavement incresses.

The distrilution of the wiwel load on the subgrede becomes wider
when the modulue of elastielty of the pavement inoresses.

The flexursl stress in & pavement increeses with the mod:lus of
elasticity of the pevement. |

The maximum shearing streas at the interface bebtween the pavement
and the subgrads dﬁamm as the modulus of elssticity of the
peysment increnson,

The distribubion of the shearing stress at the interface becomes
wider and wider as the modulus of elastieity of the pavement

inoreasen,
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To :unwm the detailed gmmém for the mmericsl ewvaluation
of the stresses at any point, Spel{s = 0,4 » 0.2) 18 evalueted as
followss |

Substitute the walues of 5 and W into equation 9, (p. 31)s

(Bpg)y = (8) = 5.2 nap 31{”}%{”) @ (2.2  n)

# 0,801 ~ a)]-:m (1= n}{nﬁ.& - gh‘“”}

u 5.2 nap j Ja_{m},?i(w}ﬁm)ﬁa
in which N = {ﬁwzfi - 0P 4 (2.2 3 n)(2.20 & 1)e™™

=1 = n)({2.2 4 n)(1 + 4a®) & 2.2(2.20 4 1))}

The mumerionl wveiuves of N for werious walues of m and n are as

followss
2 e 3 e , £ I
k=l | @m 3 0 2 ¢« ¥ ¢« 2 : 8
3 X g 3 %

1 @l0.28  =27486  «7BaT w860 4140
10 - - <3024 = 1,78 » Geld wllf.0 =10562
100 o WD0L0 w JBBO w 3,88 - 34,1 - 828
1000 « 00001 « L1828 = 3,38 « 80,8 - 808

The mumerical welues of F(m,n) for vericus velues of m and n are:

3 £

k= l/m m 32 0 3 £ ¢« 1 : 2 3
! e 3 3 £
1 0 = JO047 1147 b *ﬁm - um
10 o0 1285 =B84 ] - o142
100 0 =413 «1.,826 - o8AT - L1789
1000 14 w1011 «2.086 = JA55 - 190

'he asymptotic expression F; of the funotion F ls obtained by

dividing the term of highest order in the mmerator of F by the temm



e
of highest order in the deuominator of the sames
%gwmﬁm;”m@ ;@§%
S mey
The mmerical mhms of lﬁ; for various values of k aret
kslfs 1 ., 10 , 100 , 1000
Ve s 5.2 =122 <082 «1,0022
Note thats Flm,1) s wme™™/5.2, o
Therefore ¥y @ 3.2 Fim,1)

The mmerical mlma of ¥y are:

k=l m ¢+ 0 + F ¢ 1 s+ 2 + B

3 — K . 3 — 3 3
| | 0 =047 ~.0486
10 ' 0 w246 -a 128
o -y 256 ol -y 148
4] w505 ‘ﬂwﬁ? ﬂma?: . *&1‘9

w
W
g
B
&
&
-
v
L. J
od
L 4
»
o
1]

) 0. 0 0
=} .00 w L8828 = JJ08 2 = 020
=§488 »l. 47 - L1828 - 4088
»§.81 =la72 - 2184 - JO40

<]
cooco

et P e ?lgméan*hﬂﬁﬁm.
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Solving for B, €, by 0, wo hawe approximately:

I ; » 1 %
B S B } b ] G : s
1 ; 1 1
1 0 Q- ‘ [: S 4]
10 5.8 TS hod o : -
. 100 L wGadB “240 =316 =heB
1000 | «8.28 | 2,0 | =330 . =B,8

%lim uggfmiw expressions for T im cbbaineds
F(m,1) @ 0.312ma™®
F(m,1/10) = «-ﬁ.axsm”‘“ - 8.8me"2sddm
F(m,1/100) = ~0.970m8™® & 4.45me™ 2" = 116me™4+m
| F(m,3/1000)= ~0,8986™ « 5.260" % « $30me"5+a
| %Iié;h famhs lle {@, 42), take a ~ 1t
Emizamﬁt# lrasl, o= 0.2)
2 3.2 nep j 31 (ma)dy (mr) [=0.812me™)am
27 [m) 1 ()™ dn 3 ~pRy(Ler)
Sy (8230, k210, azl,uz 0.2)
= 0,32 -ap fo ;;(m} Jylmr) (=0.516me ™ ~ 8.8 me™>*4#) 4n
2 ~p(0.262F(1,r) ¢ 10=82)(8:8) 5 (0,41, a.m:y)
z~p [ﬂwﬁﬁﬁ%ﬂﬁ*} + a,saa@;{m&:., a,.m}]

Alses _
Syg (s w0, k w100, 881, 4= 0.2)
s ~p [0B18F5{1,r) 4 DB74Fg(0.6, 0.5r)

+ .15741?3 ( 027'04, «204r ))
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Sy (rs0,%xg1000,asl, 4= 3&3}
= «p [ J00319F,(1,r) & .00403F;(0.5, 0.6r)
4 08147 (175, A78r)e
By formulas 11 (p. 48)s

| 1 sin @ sing(l«(asing + minﬂ’]
Tale.r) 3 5o L‘“ & (1% (asind & reing)?)

Beoause of the amﬂ%'v of %%m MM
3 TT“’ - 3
4r/2 (1& {um-pm.wj

aimiﬁf (3 « (asin® & ﬁinjf}z]
Tet 1 (ad) *T; Fa fmms* ﬂim

To find ?S* the mumerical w;tms af I ;{‘w uﬂw nis:u of &
and ¢ must be found. ?‘urmm&a, in 1*’5{&&,1} the mlum of I ares

3 3
t=60 £-30 : 0 2 30 1 60 20
3 LA K | E 5 3
0 1 S o. 0 o o ¢ -0 o
B0 ] =080 wal4) 0 «.207 O 4,080 =, 023 ~ 043
&0 weB30 w431 wad27 o N $.032 . -.071 4089
86 w B8O w585 w500 9 o -y DB 1 o120
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low we apply the trapesold rule twice to those tabulated walues to
svaluate the double integrals

wosn b @2 w5 5 n

[ce + 2(0) + 2(0) + 2(0) + 2(0) # 2(0) 4 0 # 2(.080)

a- ;{m} * 4(.207) #4(0) + 4(.080) + 4(.023) # 2(.043)

* a{.ma} + 4(ea31) # 4(s427) 4 4(0) + 4(.082) + 4(.072) ¥ 2(.089)

+ 450 & 2(.508) # 2(.500) + 2(0) + zi@) ¥ a(.m} # .120]

= ~8,508 3 T2 u «0,1225,

Similerly, numerioal walues of the funchion for other arguments can be
evaloated, Finelly tue mamerioal mug of the stress st any peint osn
be e’bmmg For tmghi :

s 0, 1, 2, 5
CRgllr) 2 0 -a182 ~,0882  ~.0121
Fg(0.41, 0.4lr) 2 0 -, 186 «a120  «.0609
~0.262P5(1,r) = | 0 +0476 L0173 J0029
«0,386F5(Cotd, Oudlr) = 0 0496 L0470 0286
m(sgagﬁ-g 0,22l
p
M 3 0s2) u =s0268F5(1,x)
= 0u366F5(0sdl, Outlr) & 0 0972,  ,0843  .0285,
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